Introduction.
Let 77+ denote the class of functions which are nonnegative and harmonic in the upper half plane y>0 and let H denote the class of functions which can be expressed as the difference of two functions in 77+; obviously II+EH.
It is well known that a function u(x, y) has the Poisson-Stieltjes representation (1.1) u(x,y) = Ky + -f-l--da(s), if and only if u(x, y) is in H (see [5] ). Hence with each function u(x, y) in 77 we can associate a function a(s) and a constant K such that (1.1) and (1.2) hold; we can further assume that a(0) =0. For each u(x, y) in 77+, a(s) is nondecreasing and 7v>0.
In this paper we are concerned with the behaviour of a function u(x, y), in 77, and its derivatives as (x, y) approaches a point P on the x-axis. For convenience we take P to be the origin.
Our starting point is the following pair of results (see [4] ).
Fatou Theorem. Suppose that u(x, y) is in 77 and that a'(0) = A. Then for each 0<d<ir, u(r cos 6, r sin 0)-^4 as r->0 + .
The converse of this theorem is not true unless we restrict ourselves to the subclass 77+. In this case we have the following result.
In §3 we prove several extensions of the Fatou theorem and in §4 we present the corresponding converses. The arguments in §4 are very simple and make use of a variant of the Wiener Tauberian theorem which is developed in §2. Finally in §5 we consider an extension of a well known result due to Lindelof. 2 . A Tauberian theorem. In this section we introduce a two dimensional form of the Wiener Tauberian theorem for Stieltjes integrals. We begin with some definitions and notation.
A function f(x) is in L if it is Lebesgue integrable over the real line. Proof. The first part of this lemma follows from known results. For the last part assume that/(x) is in M. Then the fact that/(x) is bounded and continuous allows us to apply the Lebesgue "dominated convergence" theorem to conclude that k(x) is continuous. Next we see that 00 00 /» 00
which completes the argument. The Wiener Tauberian Theorem for Stieltjes integrals can be stated, using (2.1), as follows (see [3, p. 294] ).
Wiener Theorem. Suppose that f(x) is in M, that F(y)?±Q for all y, that 3(x) is in V, and that f(x -y)dp(y) -» B -OO as x->+ oo. Then for each h(x) in M, rh(x -y)dp(y)-+-H J-«> r as x-*+ oo.
With the aid of Lemma 1 we obtain the following result.
Theorem 1. Suppose that fi(x), f2(x), gi(x), g2(x) are in M, that Fi(y)G2(y) -F2(y)Gi(y) ^0 for all y, that P(x), y(x) are in V, and that XOO {* 00 fi(x -y)dp(y) + f2(x -y)dy(y) -» B,
-00 *^ -00
as X-*+ oo (-oo).
Proof. We consider the case where x->+ oo ; the case where x-» -oo then follows with trivial modifications. Set gi(x -y)dp(y) + I g2(x -y)dy(y). for all y, and we can apply the Wiener theorem to (2.8) to obtain the first part of (2.5). The second part follows in exactly the same way.
To obtain a more convenient form for our Tauberian theorem we perform a familiar exponential change of variable and shift from the interval -oo <x< °o to the interval 0<t<<x>. (For the details see [3, pp. 295-296] .) The analogues for L, M, and V are as follows. 
We require the following corollary in §4.
Corollary 1. Suppose, in addition to the hypotheses of Theorem 2, that @(t)
and y(t) are monotone and that /3(0) =y(0) =0. Then
Proof. If we set h(t) =e~', then h(t) is in M' and we conclude, from (2.10),
as t->+ 00 (0 + ). Now (2.11) follows from a familiar Tauberian theorem for the Laplace transform. (See [8, p. 192] .) 3 . Extensions of the Fatou theorem. Here we develop some Abelian results related to the Fatou theorem. It will be convenient to make use of the complex notation, writing u(x+iy) for u(x, y) and letting R(w) and I(w) denote the real and imaginary parts, respectively, of the complex number w.
For u(z), harmonic, and ra>l we let
denote the nth directional derivative of u(z) in the direction 0. Observe that
where/(z) is analytic with u=R(f), and that any linear combination of rath derivatives of u(z) can be expressed as CD+u(z), where C is a constant and 0 is an appropriate angle.
For u(z) in 77 we have the Poisson-Stieltjes representation (1.1) which, in complex notation, reduces to
The Lebesgue theorem and (1.2) allow us to differentiate underneath the integral sign in (3.1) to obtain i 1 rK I e<+ )
and, for ra>l, ra! fx ( e** )
Next for any c>0, it follows from (1.2) that /I da(s) I r-^ = 0(1)
as z->0 and hence f l\-^-\da(s)=0(y),
as z->0. We list some formulas which are required later on.
Lemma 2('). Suppose that -l<P(f)<l, that O<0<x, and that «>1. Then
where we set Our first Abelian theorem is the following result. as r->0 + . We can replace "0" by "o" in both the hypotheses and the conclusions.
Proof. We will consider the "o" case. By hypothesis we can select c>0 such that For 5j=0, 1/ |(5-re*9) \2 is bounded by C/s2 and converges to 1/s2 as r->0 + , and the first part of (3.16) follows by the "dominated convergence" theorem. The second part follows similarly. When u(z) is in H, there is no significant Fatou theorem with | 8| > 1. For on the one hand, a(t) has left and right hand limits at each point and hence the conclusion of Theorem 5 always holds for some value of A. On the other hand, Theorem 6 shows us that for 8>1 the behaviour of u(z) near 2 = 0 depends upon the values a(t) assumes along the entire real line. For functions in H+ this last fact is strikingly illustrated in Theorem 11.
4. Extensions of the Loomis theorem. We begin with a result which, for functions in H+, is a converse for Theorem 3 (cf. [l, Lemma l]). for each OO.
The next three theorems are converses for Theorem 4. In these results we assume that 0<a, b<ir, that -1 <5<1, and that m, ra>l. Furthermore we set 
Proofs. The proofs for these three theorems follow along similar lines. We give only the details for Theorem 9.
By (3.4) we can assume that ce(t) is constant for large t; by (4.6) and Theorem 7 we see that 
we conclude that r-^re^) = -j /, (^j dB(s) + 7 / /« (7) Ms), as t->0+ and, by Fatou's lemma, we conclude that
With (4.14) we can replace "0" by "o" on the right side of (4.15) and we conclude that K and the left side of (4.16) are equal to zero; hence a(/)=0. 
